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ASYMPTOTICS OF THE POWERS IN FINITE REDUCTIVE
GROUPS
AMIT KULSHRESTHA, RIJUBRATA KUNDU, AND ANUPAM SINGH
Abstract. Let G be a connected reductive group defined over Fq. Fix an integer M ≥
2, and consider the power map x 7→ xM on G. We denote the image of G(Fq) under this
map by G(Fq)
M and estimate what proportion of regular semisimple, semisimple and
regular elements of G(Fq) it contains. We prove that as q →∞, all of these proportions
are equal and provide a formula for the same. We also calculate this more explicitly
for the groups GL(n, q) and U(n, q).
1. Introduction
The word maps on finite groups of Lie type and algebraic groups have been studied
extensively in the last couple of decades. Larsen, Shalev and Tiep achieved a break-
through with the solution to Waring problem for finite simple groups and quasi-simple
groups (see the excellent survey article by Shalev [Sh] and references therein). Another
approach to study group-theoretic problems is to study them statistically (for some high-
lights of this subject see [Sh1, Di]) and get probabilistic results which help understand
the asymptotic behaviour. One of the most interesting results of this kind is due to
Larsen (see [La, Proposition 9]) which states that for any non-trivial word ω and ǫ > 0,
there exists r0 such that if G is a finite simple group of Lie type of rank > r0, then
|ω(G)| > |G|1−ǫ. We would like to study asymptotic estimates of the probability that a
regular semisimple, semisimple and regular element is a M th power in finite groups of
Lie type. The probability of finding cyclic, regular, regular semisimple elements etc. in
the finite classical groups is studied in [FNP]. The power map was studied in [KS] for
GL(n, q) where generating functions for the powers is determined. However, the asymp-
totic values of these are still not well understood. In [KS1], this is done for the group
SL(2, q) where we obtained the asymptotic values. In this article, we study this in a
more general setting.
Let k = F¯q and G be a connected reductive group over k. Let F be a Frobenius
map on G giving rise to a finite group of Lie type G(Fq) = G
F . Let M ≥ 2 be a
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positive integer. We consider the power map ω : G → G given by x 7→ xM . Clearly,
this map is defined over Fq. We consider the image of the set G(Fq) under this map,
denoted as G(Fq)
M . Further, we denote the set of M -power regular semisimple elements
as G(Fq)
M
rs = G(Fq)
M ∩G(Fq)rs, the set of M -power semisimple elements as G(Fq)
M
ss =
G(Fq)
M ∩G(Fq)ss, and M -power regular elements as G(Fq)
M
rg = G(Fq)
M ∩G(Fq)rg. We
are interested in studying the asymptotic values of the following as q →∞:
|G(Fq)
M |
|G(Fq)|
,
|G(Fq)
M
rs |
|G(Fq)|
,
|G(Fq)
M
ss |
|G(Fq)|
,
|G(Fq)
M
rg |
|G(Fq)|
.
We study these quantities when q →∞ and determine the values. The main theorem is
as follows:
Theorem 1.1. Let G be a connected reductive group defined over Fq with Frobenius map
F . Let M ≥ 2 be an integer. Then,
lim
q→∞
|G(Fq)
M |
|G(Fq)|
= lim
q→∞
|G(Fq)
M
rs |
|G(Fq)|
= lim
q→∞
|G(Fq)
M
ss |
|G(Fq)|
= lim
q→∞
|G(Fq)
M
rg |
|G(Fq)|
=
∑
T=Td1,··· ,ds
1
|WT |(M,d1) · · · (M,ds)
where the sum varies over non-conjugate maximal tori T in G(Fq), T = Td1,··· ,ds
∼=
Cd1 × · · · × Cds reflects the cyclic structure of T , and the group WT = NG(Fq)(T )/T .
The proof of this is in Section 3 and the background and notation are set in Section 2.
When M is a prime, in Section 4 and 5, we obtain the explicit formula for the group
GL(n, q) and the unitary group U(n, q), respectively. In Section 6, we compute some
examples by the first principle which serves two purposes: (a) verifies that, indeed, we
get the right formula, and (b) helps visualize our main problem. This also brings the
limits computed in [KS1] to the more general context.
Acknowledgement. We dedicate this paper to Professor B. Sury on the occasion of
his 60th birthday. He has been a source of encouragement to all of us over several years.
2. Finite groups of Lie type
Let Fq be a finite field and k = F¯q. Let G be a connected reductive group over k with
Frobenius map F , so that G(Fq) = G
F is a finite group of Lie type. With this notation,
we consider G(Fq) ⊂ G. A couple of standard examples are as follows:
Example 2.1. Consider the group GL(n) over k. Define F : GL(n, k) → GL(n, k) by
(ai,j) 7→ (a
q
i,j). This is a Frobenius map and GL(n)
F = GL(n)(Fq) = GL(n, q).
Example 2.2. Once again we consider the map F on GL(n) given by (ai,j) 7→
t(aqi,j)
−1.
The fixed point set is the unitary group GL(n)F = U(n, q) ⊂ GL(n, q2).
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We recall some standard facts on the conjugacy classes of maximal tori in G(Fq). We
refer to [MT] and [Ca] for the details. The maximal tori in G(Fq) are obtained from that
of G which are F -stable. We denote the set of all maximal tori in G, which are F -stable,
by τ . A torus T¯ ∈ τ gives a maximal torus T¯ (Fq), denoted simply as T , of G(Fq). Every
semisimple element of G(Fq) belongs to a maximal torus T . Every regular semisimple
elements belong to a unique maximal torus. Thus, to understand these elements we need
to classify all maximal tori. These are understood up to conjugacy as follows. Let W
be the Weyl group of G. Then, the G(Fq) conjugacy classes of F -stable maximal tori of
G are in one-one correspondence with F -conjugacy classes in W (see [MT, Proposition
25.1]).
Further, the number of conjugates of a fixed maximal torus can be determined as
follows.
Proposition 2.3. With notation as above, let T be a maximal torus in G(Fq). Suppose
that the conjugacy class of T corresponds to the F -conjugacy class of w in W . Then,
the number of conjugates of T in G(Fq) is
|G(Fq)|
|NG(Fq)(T )|
=
|G(Fq)|
|WT ||T |
=
|G(Fq)|
|WF | · |T |
where W is the Weyl group of G, and WT = NG(Fq)(T )/T . Furthermore, WT = W
F ∼=
CW,F (w) = {x ∈W | x
−1wF (x) = w}.
In the case of GL(n, q) and U(n, q), the Frobenius F induces the identity map on the
Weyl group W , thus the F -conjugacy classes of W are simply the conjugacy classes in
W . Details of this computation can be found in [GKSV, Section 2], which we will require
later. Since, a maximal torus T of G(Fq) is a finite Abelian group, it can be written as
a product of cyclic groups. This point of view will be useful in our study. The cyclic
structure of the maximal tori for finite classical groups can be found in [BG, Za].
For a reductive group G, the dimension of maximal tori is called the rank of G. We
denote it by r. We also know that for such G, there is a root datum Φ, and we denote
|Φ+| = N . Then, dim(G) = 2N + r and |G(Fq)| = O(q
2N+r). We would require the
following estimate on the regular semisimple elements in G(Fq) which is [JKZ, Lemma
4.5].
Lemma 2.4. Let G be a reductive group defined over Fq. We have the following esti-
mation for regular semisimple elements,
|G(Fq)rs| = |G(Fq)|(1 +O(q
−1))
where the constants depend on the type of G only.
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This reflects the fact that the regular semisimple elements are dense. In the proof of this
Lemma the key ingredient is the following estimate,
|x ∈ T | x is not regular| = O(qr−1).
We will use this several times.
3. Asymptotics of the power map for finite groups of Lie type
Let G be a connected reductive group defined over the field Fq. Let F be a Frobenius
map giving rise to a finite group of Lie type denoted as G(Fq) = G
F ⊂ G. For an integer
M ≥ 2, define ω : G→ G by x 7→ xM . Clearly, this is an algebraic map defined over Fq.
We denote the set w(G(Fq)) by G(Fq)
M . In this section, we explore the asymptotics of
the ratio
|G(Fq)
M |
|G(Fq)|
, as q →∞. We begin with some preparatory lemma.
Lemma 3.1. Let H be a finite Abelian group written as a product of cyclic groups
H = Cd1 × · · · ×Cds . Then,
|HM |
|H|
=
1
(M,d1) · · · (M,ds)
.
Proof. We begin with a cyclic group, i.e, s = 1 case. Let H = Cd be a finite cyclic group
of order d. We need to show,
|CM
d
|
|Cd|
= 1(M,d) where (M,d) denotes the gcd of M and d.
Consider the map ω : Cd → Cd defined by g 7→ g
M . It is a group homomorphism with
kernel ker(ω) = {g ∈ Cd | g
M = 1}. Clearly, elements of the kernel are precisely given
by g(M,d) = 1. Thus,
|CM
d
|
|Cd|
= 1
ker(ω) =
1
(M,d) .
Now for an Abelian group H, the power map is a group homomorphism. Thus, when
H = Cd1 × · · · × Cds , the map ω : Cd1 × · · · × Cds → Cd1 × · · · × Cds is (g1, . . . , gs) 7→
(gM1 , . . . , g
M
s ). Thus, kernel is given by (g1, . . . , gs) where g
(M,di)
i = 1 for all i. This gives
the required result. 
Recall that, a regular semisimple element in G(Fq) is contained in a unique F -stable
maximal torus of G.
Lemma 3.2. Let α ∈ G(Fq)rs. Suppose α belongs to the F -stable maximal torus T¯ .
Then, XM = α has a solution in G(Fq) if and only if Y
M = α has a solution in T¯ (Fq).
Proof. Let A ∈ G(Fq) such that A
M = α. Write Jordan decomposition A = AsAu, which
implies AMs = α. Now, every semisimple element belongs to some F -stable torus, say
As ∈ T¯
′(Fq). Then, α ∈ T¯
′(Fq). But, α being regular semisimple, it belongs to a unique
maximal torus. Thus, T¯ ′(Fq) = T¯ (Fq), hence the solution As ∈ T¯ (Fq). 
Now we are ready to get an estimate for M th power regular semisimple elements.
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Theorem 3.3. Let G be a reductive group defined over Fq with the points below given by
the Frobenius map F . Then, the proportion of M th power regular semisimple elements
in G(Fq) is,
|G(Fq)
M
rs |
|G(Fq)|
=
∑
T=Td1,··· ,ds
1
|WT |(M,d1) · · · (M,ds)
+O(q−1)
where the sum varies over non-conjugate maximal tori T in G(Fq), T = Td1,··· ,ds
∼=
Cd1 × · · · × Cds reflects the cyclic structure, and the group WT = NG(Fq)(T )/T .
Proof. Since a regular semisimple element of G(Fq) belongs to a unique F -stable maximal
torus, we have,
G(Fq)
M
rs = G(Fq)rs ∩G(Fq)
M =
⋃
T¯∈τ
(
T¯ (Fq)rs ∩G(Fq)
M
)
where τ is the set of all F -stable maximal tori of G. Now, let T¯ be a F -stable maximal
torus of G and T = T¯ (Fq). Then, from Lemma 3.2 we have,
T¯ (Fq)rs ∩G(Fq)
M = Trs ∩G(Fq)
M = TM ∩G(Fq)rs.
Suppose the cyclic structure of T = Cd1 × · · · ×Cds . Thus, using the argument in [JKZ,
Lemma 4.5] to prove T ∩G(Fq)rs = q
r +O(qr−1) where it is shown that the non regular
elements in T are O(qr−1), we get,
|TM ∩G(Fq)rs| = |T
M |+O(qr−1) =
1
(M,d1) · · · (M,ds)
|T |+O(qr−1)
where r is the dimension of T and the second equality follows from Lemma 3.1. Hence,
|G(Fq)
M
rs |
|G(Fq)|
=
1
|G(Fq)|
∑
T¯∈τ,T=T¯ (Fq)
(
1
(M,d1) · · · (M,ds)
|T |+O(qr−1)
)
=

 ∑
T=Td1,...,ds
1
(M,d1) · · · (M,ds)
1
|WT |

+ 1
|WT ||T |
O(qr−1)
where we take T = Td1,...,ds up to conjugacy. We note that for a fixed T , the number of
conjugates is
|G(Fq)|
|WT ||T |
(see Proposition 2.3). Now, since for any H we have (q−1)dim(H) ≤
|H(Fq)| ≤ (q+1)
dim(H) where dim(H) = 2N + r and r is rank of H, applying this to T ,
we get
|G(Fq)
M
rs |
|G(Fq)|
=
∑
T=Td1,...,ds
1
|WT |(M,d1) · · · (M,ds)
+O(q−1).
This completes the proof. 
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We remark that the quantity
∑
T=Td1,··· ,ds
1
|WT |(M,d1) · · · (M,ds)
is intrinsic to the
structure of G with given M , even though it seem to involve q (see explicit examples in
Section 6).
Corollary 3.4. With the notation as above we have,
1
M rank(G)
≤ lim
q→∞
|G(Fq)
M
rs |
|G(Fq)|
=
∑
T=Td1,··· ,ds
1
|WT |(M,d1) · · · (M,ds)
≤ 1.
Proof. The upper end is achieved when M is coprime to the order of all maximal tori
(for example, if M | q), and the lower end is achieved when M divides order of each
cyclic factors in all maximal tori. Thus we have,
1
M rank(G)
≤
∑
T=Td1,··· ,ds
1
|WT |M s
≤
∑
T=Td1,··· ,ds
1
|WT |(M,d1) · · · (M,ds)
≤
∑
T
1
|WT |
= 1.

Note that for a fixed G, the limit above depends on varying M . One of the interesting
questions at this moment is to find out all possible limits for a given group G. We take
this up in the following sections for GL(n, q) and U(n, q).
Lemma 3.5. Let G be a reductive group defined over Fq and M ≥ 2, an integer. Then,
we have
(1)
|G(Fq)
M |
|G(Fq)|
=
|G(Fq)
M
rs |
|G(Fq)|
+O(q−1).
(2)
|G(Fq)
M |
|G(Fq)|
=
|G(Fq)
M
ss |
|G(Fq)|
+O(q−1).
(3)
|G(Fq)
M |
|G(Fq)|
=
|G(Fq)
M
rg |
|G(Fq)|
+O(q−1).
Proof. To prove (1) we show that |G(Fq)
M | = |G(Fq)
M
rs |+O(q
2N+r−1). Now,
|G(Fq)
M | = |G(Fq)
M
rs |+ |G(Fq)
M
nrs|
where nrs refers to non regular semisimple elements, and
|G(Fq)
M
nrs| ≤ |G(Fq)nrs| = O(q
2N+r−1)
gives us,
|G(Fq)
M | = |G(Fq)
M
rs |+O(q
2N+r−1).
Since |G(Fq)| = O(q
2N+r) we get the required result.
Now, since
|G(Fq)
M |+O(q2N+r−1) = |G(Fq)
M
rs | ≤ |G(Fq)
M
ss | ≤ |G(Fq)
M |
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we get, |G(Fq)
M
ss | = |G(Fq)
M | + O(q2N+r−1). A similar argument proves the result for
regular elements. 
Proof of Theorem 1.1. The proof follows from Lemma 3.5 and Theorem 3.3. 
4. The asymptotic results for powers in GL(n, q)
In this section we want to explore Theorem 1.1 for the group GL(n) over Fq. We ask
further question as follows: Determine all possible limiting values for a given M , that
is, what are the possible values of
∑
T=Td1,··· ,ds
1
|WT |(M,d1) · · · (M,ds)
for GL(n, q). We
obtain the group GL(n, q) from GL(n, F¯q), as fixed point set of the usual Frobenius map
(see [MT, Example 21.1]). The maximal tori for this group is easy to determine (see for
example [MT, Example 25.4]). We recall the same along with its cyclic structure which
we require for our purpose.
The conjugacy classes of maximal tori in GL(n, q) are in one-one correspondence with
the conjugacy classes of its Weyl group Sn. Hence, the non-conjugate maximal tori are
parametrized by the partitions of n. We follow the notation for partitions as established
in [KS1, Section 2]. For a maximal torus T , there exists a partition λ = (n1, n2, . . . , ns)
of n such that
T ∼= F∗qn1 × · · · × F
∗
qns .
Thus, the cyclic structure is T ∼= Cqn1−1 × . . . × Cqns−1. Corresponding to a partition
λ of n, let σλ denote the standard element of the conjugacy class of Sn with cycle-type
λ. Let T be a maximal torus of GL(n, q) parametrized by the partition λ of n. Then,
WT ∼= ZSn(σλ). If we write the partition λ in power notation λ = 1
m12m2 . . . imi . . .,
then |WT | =
∏
imi!i
mi . Thus,
Proposition 4.1. The proportion of M th powers in GL(n, q) is as follows,
PGL(n, q,M) :=
|GL(n, q)M |
|GL(n, q)|
=
∑
λ ⊢ n
λ = 1m1 . . . imi . . .
∏
i
1
mi!imi .(M, qi − 1)mi
+O(q−1).
Proof. This is clear from the discussion above, and the Theorem 1.1. 
We fix M to be a prime and determine the possible subsequential limits of the set
PGL(n, q,M). If M | q, all semisimple elements of GL(n, q) (being of order coprime to
q) remain in GL(n, q)M . Thus, we get
lim
q→∞
PGL(n, q,M) = lim
q→∞
|GL(n, q)M |
|GL(n, q)|
= 1.
Now we can assume M ∤ q. Denote by o(q) the order of q in Z/MZ×. For 1 ≤ a ≤ n,
define πa(λ) to be the number of parts (counted with multiplicity) of λ divisible by a.
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Proposition 4.2. Let M be a prime and (M, q) = 1. Then,
lim
q→∞
PGL(n, q,M) =
∑
λ ⊢ n
λ = 1m1 . . . imi . . .
1
Mπo(q)(λ)
∏
i
1
mi!imi
.
Thus, there are ν(M − 1) subsequential limits of PGL(n, q,M) as q →∞, where ν(M −
1) = |{a | 1 ≤ a ≤ n, a |M − 1}|.
Proof. In view of Proposition 5.1, all we need to find out is when (M, qi − 1) = M . We
claim that, (M, qi − 1) = M if and only if o(q) | i. For if, M | (qi − 1), then we have
qi ≡ 1 (mod M). Thus, o(q) | i. This gives the formula.
Now, we know that for the group GL(n, q), the possible values of j are everything
between 1 to n. Combined with the fact that if M | (qi − 1) then M | (qj − 1) for
all j < i, the values of πo(q)(λ) are all possible values of o(q) in Z/MZ
×, which are all
factors of M − 1. 
The following is immediate:
Corollary 4.3. Let M be a prime. Then, there are 1 + ν(M − 1) possible values of
lim
q→∞
PGL(n, q,M). The values are 1 (when M | q) and
∑
λ⊢n
1
Mπa(λ)|ZSn(σλ)|
for every a | (M − 1) such that 1 ≤ a ≤ n.
We remark that for the case M | q, the same formula works where we take πa(λ) = 0 for
all λ.
Corollary 4.4. For M = 2, these values are
1 and
∑
λ⊢n
1
2π(λ)|ZSn(σλ)|
where π(λ) denotes the number of parts of λ.
It is quite easy determine the surjectivity of the power maps for GL(n, q).
Proposition 4.5. Let M ≥ 2 be a prime and ω : GL(n, q)→ GL(n, q) be the power map
x 7→ xM . Then, ω is surjective if and only if (M, q) = 1 and o(q) > n where o(q) is
order of q in (Z/MZ)×.
Proof. For any finite group G, and M a prime, ω is surjective if and only if (M, |G|) = 1.
Now we know that |GL(n, q)| = q
n(n−1)
2
∏n
i=1(q
i − 1). Hence, the result follows. 
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For the group SL(n, q) the computation is similar with the slight modification due
to the structure of maximal tori. The maximal tori, up to conjugation, are given by
partitions λ of n and the size of |WT | = |ZSn(σλ)| as before. Thus,
Proposition 4.6. The asymptotic value of M th powers in SL(n, q) is,
lim
q→∞
|SL(n, q)M |
|SL(n, q)|
=
∑
λ⊢n
1
(M, qλ1 − 1) · · · (M, qλs−1 − 1)
(
M, q
λs−1
q−1
)
|ZSn(σλ)|
where λ = (λ1, . . . , λs).
5. The asymptotic results for powers in U(n, q)
Similar to Section 4, we want to get the estimates in Theorem 1.1, for the unitary
group U(n, q). Recall that U(n, q) is obtained from GL(n, F¯q) with the Frobenius map
F : (aij) 7→
t(aqij)
−1. Thus, U(n, q) ≤ GL(n, q2). Once again, the question is to determine
the limit
∑
T=Td1,··· ,ds
1
|WT |(M,d1)···(M,ds)
more explicitly. The maximal tori for this group
is well known and can be, for example, found in [GKSV, Section 2]. We recall the same
along with its cyclic structure which we require for our purpose.
Similar to the case of GL(n, q), the conjugacy classes of maximal tori in U(n, q) are
in one-one correspondence with the conjugacy classes of Sn. Hence, the non-conjugate
maximal tori are parametrized by the partitions of n. For a maximal torus T of U(n, q),
there exists a partition λ = (n1, n2, . . . , ns) of n such that
T ∼=Mn1 × · · · ×Mns
where Mr = {x ∈ F¯q | x
qm−(−1)m = 1}. Thus, the cyclic structure is T ∼= Cqn1−(−1)n1 ×
. . . × Cqns−(−1)ns . Note that when r is even Mr ∼= F
∗
qr , and when r is odd Mr = {x ∈
Fq2r | x
qr+1 = 1}. Corresponding to a partition λ of n, let σλ denote the standard
element of the conjugacy class of Sn with cycle-type λ. Let T be a maximal torus of
U(n, q) parametrized by the partition λ of n. Then, WT ∼= ZSn(σλ). If we write the
partition λ in power notation λ = 1m12m2 . . . imi . . ., then |WT | =
∏
imi!i
mi . Thus,
Proposition 5.1. The proportion of M th powers in U(n, q) is,
PU(n, q,M) :=
|U(n, q)M |
|U(n, q)|
=
∑
λ ⊢ n
λ = 1m1 . . . imi . . .
∏
i
1
mi!imi .(M, qi − (−1)i)mi
+O(q−1).
Proof. This is clear from the discussion above, and the Theorem 1.1. 
We note that lim
q→∞
PU(n, q,M) = lim
q→∞
PGL(n,−q,M) similar to the Ennola duality.
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Let M be a prime. Now, we determine the possible subsequential limits of the set
PU(n, q,M). If M | q, all semisimple elements of U(n, q) (being of order coprime to q)
remain in U(n, q)M . Thus, we get
lim
q→∞
PU(n, q,M) = lim
q→∞
|U(n, q)M |
|U(n, q)|
= 1.
Now, we can assume M ∤ q. Denote by o(q) the order of q in Z/MZ×. For a partition
λ = (n1, n2, . . . , ns), let us denote by π
′
o(q)(λ) the number of ni such that if ni is even
o(q) | ni; and if ni is odd, o(q) is even and o(q) | 2ni.
Proposition 5.2. Let M > 2 be a prime and (M, q) = 1. Then,
lim
q→∞
PU(n, q,M) =
∑
λ ⊢ n
λ = 1m1 . . . imi . . .
1
M
π′
o(q)
(λ)
∏
i
1
mi!imi
=
∑
λ⊢n
1
M
π′
o(q)
(λ)
|ZSn(σλ)|
.
Proof. In view of Proposition 5.1, all we need to find out is when (M, qi − (−1)i) = M .
We claim that, (M, qi − (−1)i) =M if and only if when i is even o(q) | i, and when i is
odd o(q) is even and o(q) | 2i. For if i is even, M | (qi − 1) if and only if o(q) | i. If i is
odd, M | (qi + 1) if and only if o(q) is even and o(q) | 2i. This gives the formula. 
Proposition 5.3. When M = 2, and q odd,
lim
q→∞
PU(n, q, 2) =
∑
λ⊢n
1
2π(λ)|ZSn(σλ)|
= lim
q→∞
PGL(n, q, 2)
where π(λ) denotes the number of parts of λ.
Proof. This is so because when q is odd, 2 | (qi − (−1)i) for all i. 
6. Some Examples
In this section we discuss some examples and compute the limits. For the case of
GL(n), the computations are done with the help from that in [KS]. Thus, it provides an
independent verification of the limits obtained in Section 4.
For the group GL(2, q), we have two maximal tori up to conjugacy. The, split maximal
torus T1 ∼= Cq−1 × Cq−1 with |WT1 | = 2, and the anisotropic torus T2
∼= Cq2−1 with
|WT2 | = 2. Thus from Theorem 1.1, the probability of finding a M
th power in GL(2, q)
is = 12.(M,q−1)(M,q−1) +
1
2.(M,q2−1)
.
Example 6.1. For the group GL(2, q) andM = 2 the probability is 1
2.(2,q−1)2
+ 1
2.(2,q2−1)
=
3
8 if q is odd and 1 if q is even. Now we present the data following direct computation
using that in [KS]. We have the following:
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q |GL(2, q)2| lim
q→∞
|GL(2, q)2|
|GL(2, q)|
odd 38q
4 − 58q
3 + 18q
2 + 58q −
1
2
3
8
even q4 − 2q3 + 2q − 1 1
q |GL(2, q)2rg| |GL(2, q)
2
ss| |GL(2, q)
2
rs|
odd 38q
4 − 58q
3 + 18q
2 − 38q −
1
2
3
8q
4 − 98q
3 + 58q
2 + 98q − 1
3
8q
4 − 98q
3 + 58q
2 + 18q
even q4 − 2q3 + q q4 − 2q3 + 2q − 1 q4 − 2q3 + q
Hence we get the equalities in Theorem 1.1 for this case.
Example 6.2. For the group GL(2, q) and M = 3, the probability as per Theorem 1.1
would be:
lim
q→∞
|GL(2, q)3|
|GL(2, q)|
=


1 if q = 0 (mod 3)
2
9 if q = 1 (mod 3)
2
3 if q = 2 (mod 3).
We have the following:
q |GL(2, q)3| lim
q→∞
|GL(2, q)3|
|GL(2, q)|
0 q4 − 2q3 + 2q − 1 1
1 29(q
4 − q3 − q2 + q) 29
2 23(q
4 − q3 − q2 + q) 23
q |GL(2, q)3rg | |GL(2, q)
3
ss| |GL(2, q)
3
rs|
0 q4 − 2q3 + q q4 − 2q3 + 2q − 1 q4 − 2q3 + q
1 29q
4 − 29q
3 − 29q
2 − 19q +
1
3
2
9q
4 − 59q
3 + 19q
2 + 59q −
1
3
2
9q
4 − 59q
3 + 19q
2 + 29
2 23q
4 − 23q
3 − 23q
2 − 13q + 1
2
3q
4 − 53q
3 + 13q
2 + 53q − 1
2
3q
4 − 53q
3 + 13q
2 + 23q.
Now, for the group GL(3, q), we have three maximal tori up to conjugacy. The, split
maximal torus T1 ∼= Cq−1×Cq−1×Cq−1 with |WT1 | = 6, the anisotropic torus T2
∼= Cq3−1
with |WT2 | = 3, and T3
∼= Cq2−1 × Cq−1 with |WT3 | = 2. Thus, as per Theorem 1.1, the
probability of finding a M th power in GL(3, q) is
=
1
6.(M, q − 1)3
+
1
3.(M, q3 − 1)
+
1
2.(M, q2 − 1)(M, q − 1)
.
Example 6.3. For the group GL(3, q) and M = 2 the probability is
=
1
6.(2, q − 1)3
+
1
3.(2, q3 − 1)
+
1
2.(2, q2 − 1)(2, q − 1)
which is 516 when q is odd, and 1 if q is even. We have the following:
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q |GL(3, q)2| lim
q→∞
|GL(3, q)2|
|GL(3, q)|
odd 116 (5q
9 − 7q8 − q7 + 2q6 + 3q5 + q4 − 7q3 + 4q2) 516
even q9 − 2q8 + 2q6 + q5 − q4 − 3q3 + q2 + q 1
q |GL(3, q)2rg | |GL(3, q)
2
ss| |GL(3, q)
2
rs|
odd 516q
9 − 716q
8 − 116q
7 − 38q
6 + 1116q
5 5
16q
9 − 1116q
8 + 316q
7 5
16q
9 − 1116q
8 + 316q
7 + 38q
6
+ 116q
4 + 916q
3 − 14q
2 − 12q +
7
8q
6 − 516q
5 − 1116q
4 +1116q
5 − 1116q
4 − 316q
3
−1116q
3 + q2 + 12q −
1
2
even q9 − 2q8 + q6 + 2q5 q9 − 2q8 + 2q6 − q4 q9 − 2q8 + q6 + 2q5
−q4 − q3 −2q3 + 2q2 + q − 1 −q4 − q3.
Example 6.4. For the group GL(3, q) and M = 3 the probability is
=
1
6.(3, q − 1)3
+
1
3.(3, q3 − 1)
+
1
2.(3, q2 − 1)(3, q − 1)
=


1 if q = 0 (mod 3)
14
81 if q = 1 (mod 3)
2
3 if q = 2 (mod 3).
We have the following which confirms the above:
q (mod 3) |GL(3, q)3| lim
q→∞
|GL(3, q)3|
|GL(3, q)|
0 q9 − 2q8 + 2q6 − q4 − 2q3 + 2q2 + q − 1 1
1 181(14q
9 − 14q8 − 32q7 + 36q6 + 14q5 − 22q4 + 4q3 + 54q − 54) 1481
2 23(q
9 − q8 − q7 + q5 + q4 − q3) 23
q |GL(3, q)3rg| |GL(3, q)
3
ss| |GL(3, q)
3
rs|
0 q9 − 2q8 + q6 + 2q5 q9 − 2q8 + 2q6 − q4 q9 − 2q8 + q6 + 2q5
−q4 − q3 −2q3 + 2q2 + q − 1 −q4 − q3
1 1481q
9 − 1481q
8 − 3281q
7 + 13q
6 + 2381q
5 14
81q
9 − 2381q
8 − 2381q
7 14
81q
9 − 2381q
8 − 2381q
7 + 79q
6
−2281q
4 + 4081q
3 − 19q
2 − 13q +
8
9q
6 − 1381q
5 − 5881q
4 +2381q
5 − 5881q
4 + 481q
3
− 581q
3 + 49q
2 + q − 1
2 23q
9 − 23q
8 − 23q
7 − q6 + 53q
5 2
3q
9 − 53q
8 + 13q
7 + 2q6 − 13q
5 2
3q
9 − 53q
8 + 13q
7 + q6
+23q
4 + 43q
3 − q2 − q −43q
4 − 53q
3 + 2q2 + q − 1 +53q
5 − 43q
4 − 23q
3.
Example 6.5. For the group SL(2, q), from Proposition 4.6, we have
lim
q→∞
|SL(2, q)|M
|SL(2, q)|
=
1
2(M, q − 1)
+
1
2(M, q + 1)
.
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When q is odd and M is a prime this takes the values

1
2 if M = 2
M+1
2M if M coprime to q, and divides order of SL(2,q)
1 otherwise.
This explains the limits obtained in [KS, Theorem 5.1].
Example 6.6. For the group U(3, q) the maximal tori are T1 ∼= C
3
q+1, T2
∼= Cq+1×Cq2−1
and T3 ∼= Cq3+1. Thus, the proportion of M
th power is
=
1
6.(M, q + 1)3
+
1
2(M, q + 1)(M, q2 − 1)
+
1
3.(M, q3 + 1)
.
The values for M = 2 and 3 are,
q (mod 2) lim
q→∞
|U(3, q)2|
|U(3, q)|
q (mod 3) lim
q→∞
|U(3, q)3|
|U(3, q)|
0 1 0 1
1 516 1
2
3
2 1481 .
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